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TOPOLOGICAL HORSESHOES

JUDY KENNEDY AND JAMES A. YORKE

Abstract. When does a continuous map have chaotic dynamics in a set Q?
More specifically, when does it factor over a shift on M symbols? This paper
is an attempt to clarify some of the issues when there is no hyperbolicity
assumed. We find that the key is to define a “crossing number” for that set
Q. If that number is M and M > 1, then Q contains a compact invariant set
which factors over a shift on M symbols.

1. Introduction

The most basic and striking results in chaotic dynamics are perhaps the results
about Smale horseshoes [S]. The theory concerns a set Q (usually diffeomorphic to
a rectangle) in a two-dimensional manifold M and a diffeomorphism f : Q → M .
Using only hypotheses on the first iterate of f on Q, one obtains conclusions about
all iterates of f . In particular, Smale concludes that there is a compact invariant
set QI in Q which is homeomorphic to a shift on M symbols, where M is often
taken to be 2. In this paper we will call M the “crossing number” and our definition
of this number for more general maps and sets Q is central to our analysis of the
chaos present in our dynamical systems.

Results such as Smale’s are useful for numerical studies of systems with posi-
tive entropy because there are unavoidable errors in the computation of f(Q) that
can be made small by careful computation, but the errors in the computation of
fn(Q) increase exponentially fast as n increases, due to the positive entropy. Hence
hypotheses on f(Q) are easier to verify directly than hypotheses on fn(Q).

However, Smale’s assumption of hyperbolicity of f on Q is in practice difficult to
verify numerically. When the hyperbolicity assumption is discarded, the dynamics
remain just as rich as before in that there is a compact invariant set QI in Q that
factors over a shift on M symbols, although the map need not be one-to-one. K.
Burns and H. Weiss [BW] call such maps “geometric horseshoes,” and the term
“topological horseshoes” is also often used. (In their paper aimed at discussing
situations where stable and unstable manifolds cross but do not cross necessarily
transversally, they concluded that there is a geometric horseshoe for some iterate of
the map.) K. Mischaikov et al. [CKM, CM, MM] and A. Szymczak [S] investigate
such situations using simplicial decompositions that can be analyzed rigorously
numerically, showing for example that there is a subshift of finite type in the Lorenz
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system. Example 3(c) in Section 3 of this paper is one in which shift dynamics is
predicted by our results but to which the results of Szymczak and Mischaikov et al
do not apply (because no isolating neighborhood exists).

Our goal here is to formulate the idea of the crossing number M and to show
that with this formulation and a few other hypotheses, it follows that there exists
an invariant set QI in Q that factors over an M -shift. (The M -shift is one-sided
if f is only assumed to be continuous, or two-sided if f is a homeomorphism.) In
particular, we make no assumption that there exists a Markov partition on Q, nor
do we assume that the continuous map f is differentiable at any point.

If f is continuous, we say S := {Si}Mi=1 is a set of symbol sets if for each sequence
(ji)∞i=0 of integers in {1, 2, . . . ,M}, there is a trajectory (xi) (where xi+1 = f(xi)
for all i) such that xi is in Sji . If f is a homeomorphism, we say S = {Si}Mi=1 is a
set of symbol sets if for each sequence (ji)∞i=−∞ of integers in {1, 2, . . . ,M}, there
is a trajectory (xi) such that xi is in Sji . If the Si are disjoint, it follows that the
invariant set S contained in

⋃
Si can be mapped continuously onto a shift on M

symbols. Each Si in S is, naturally enough, a symbol set.
Establishing the existence and dynamics of QI can be broken into two problems:

first the construction of the symbol sets Si, and second showing that they yield the
required dynamics. The set of symbol sets Si we construct are mutually disjoint.
The construction is carried out in two lemmas. The second step, where they yield
the desired dynamics, is carried out via a lemma that we call the “Chaos Lemma”.
It was formulated with Sahin Koçak to be able to handle a variety of problems
which will be investigated in a a separate paper [KKY]. We only sketch the proof
in this paper. We also give a number of examples showing how our results can be
applied. In the last section, we show that our results can be applied in a still wider
variety of situations, by proving two lemmas that demonstrate that the horseshoe
hypotheses Ω (listed below) hold in the presence of a weaker set of hypotheses.

Throughout this paper (except in the Chaos Lemma, and the last section, where
we relax our hypotheses further) we make the following five assumptions:

ΩX : X is a separable metric space.
ΩQ : Q ⊂ X is locally connected and compact.
Ωf : The map f : Q→ X is continuous.
ΩE The set end0 ⊂ Q and end1 ⊂ Q are disjoint and compact, and each compo-

nent of Q intersects both end0 and end1.
ΩM : Q has crossing number (defined below) M ≥ 2.

We refer to the five hypotheses ΩX ,ΩQ,Ωf ,ΩE , and ΩM collectively as the horse-
shoe hypotheses Ω. A connection Γ is a compact connected subset of Q that inter-
sects both end0 and end1. (We use the term ‘connection’ because one might say
Γ connects end0 to end1.) Note that by hypothesis ΩE , each component of Q is a
connection. An example of a connection is a path in Q intersecting both end0 and
end1. A preconnection γ is a compact connected subset of Q for which f(γ) is a
connection. We define the crossing number M to be the largest number such that
every connection contains at least M mutually disjoint preconnections. We say a
set S is invariant if f(S) = S.

Our main result is the following theorem, which follows from the Chaos Lemma
and Lemma 12.
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Theorem 1. Assume the horseshoe hypotheses Ω. Then there is a closed invariant
set QI ⊂ Q for which f |QI is semiconjugate to a one-sided M -shift. (If f is a
homeomorphism, then f |QI is also semiconjugate to a two-sided M -shift.)

By assumption ΩM , each connection contains at least M mutually disjoint pre-
connections. We prove the theorem by constructing M compact mutually disjoint
sets S1, S2, . . . , SM such that each connection Γ contains a preconnection in Si ∩ Γ
for each i = 1, . . . ,M . This construction is quite difficult despite the fact that in
most examples it is quite easy to find S1, . . . , SM . Once the sets S1, . . . , SM are
shown to exist, we can apply the following lemma by letting E be the set of all
connections. As stated below however, the lemma is more general than needed in
that the sets in E need not be connected.

Lemma 2. The Chaos Lemma. Assume ΩX ,ΩQ, and Ωf . Let M be an integer
greater than or equal to 2. Let E be a nonempty set of nonempty compact sets
such that for each γ ∈ E there exists a compact γi ⊂ γ ∩ Si for which f(γi) ∈ E.
Let QI be the largest invariant set in

⋃
Si. Then f |QI is semiconjugate to a one-

sided shift on M symbols. If f |QI is one-to-one on QI , the restricted map f |QI is
semiconjugate to a two-sided shift on M symbols.

2. Notation, definitions, background

We use the term ‘space’ to mean ‘separable metric space’. The word ‘component’
means ‘connected component’. In the results that follow, we consider the topology
on the closed subset Q of the space X only. Thus, ‘open’ means ‘open relative to
Q’ and ‘closed’ means ‘closed relative to Q’. The sets in which we are interested
are all contained in Q, and this means the restriction to Q avoids our having to
add repeatedly ‘∩Q’ to the sets discussed. If A is a subset of Q, then we use the
notation A◦, A, and ∂A to denote the interior, closure, and boundary of A in Q,
respectively. A continuum is a compact, connected metric space. In this paper we
allow a continuum to consist of just one point or to be the empty set. A subset of a
continuum which is itself a continuum is a subcontinuum. If A and B are nonempty
closed subsets of a spaceX , and K is a continuum in X which intersects both A and
B, then K is a continuum irreducible from A to B if no proper subcontinuum of K
intersects both A and B. If A and B are nonempty closed subsets of a space X , and
K is a continuum inX which intersects both A and B, thenK contains a continuum
K ′ irreducible from A to B. A chain is a finite collection C = {C0, C1, . . . , Cn}
of sets listed so that Ci ∩ Cj 6= ∅ if and only if |i − j| ≤ 1. The members Ci of
the chain C are called links. A tiling chain is a chain C = {C0, C1, . . . , Cn} each
member of which is a closed set with nonempty interior and which has the property
that for each i 6= j, Ci ∩Cj = ∂Ci ∩ ∂Cj . For 0 ≤ i < n, we say that ∂Ci ∩Ci+1 is
the right boundary of the link Ci, and for 0 ≤ i ≤ n, we say that ∂Ci ∩Ci−1 is the
left boundary of the link Ci.

Note that in the discussion of the horseshoe hypotheses in the previous section,
the sets end0 and end1 need not be connected subsets of Q—they must only be
disjoint closed subsets of Q. We denote the set end0 ∪ end1 with the notation ends,
and we also call the sets end0 and end1 the “ends” of Q.

3. Examples

We begin with the most obvious and arguably simplest example, the Smale
horseshoe with crossing number 2. This system serves as a nice example that
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end(0)

f(end(0))

f(end(1))

end(1)

Figure 1. Smale horseshoe with crossing number M = 2.
The set Q is the rectangle pictured, with end0 being the left bound-
ary of Q and end1 being the right boundary of Q. The shaded
region is the image f(Q).

satisfies the horseshoe hypotheses Ω, and it is not hard to see how the ends and the
set Q should be chosen, nor what the natures of the connections and preconnections
are. We then move to systems on the unit interval, to illustrate the necessity of the
properties we require a map f and associated set Q have to satisfy the horseshoe
hypotheses Ω on Q. The last examples are less obvious applications of our results.

Example 3. Smale horseshoe with crossing number M = 2. The set Q and
its image are illustrated in Figure 1. The horseshoe map is named f . Figure 2 shows
Q and two different connections, both of which are arcs, with their preconnections.
Note that Q itself is a connection, and that the vertical bands (Q ∩ f−1(Q)) are
preconnections in Q (although they are not unique).

Example 4. Numerically obtained horseshoe. The topological horseshoe pic-
tured in Figure 3 was obtained as a part of an investigation of a model of fluid
flow past a sequence of cylinders. (See [SKGY, KSYG] for detailed discussions
(mathematical and physical) of the model, and what can be proved rigorously
when assumptions based on the numerical information are used.) The space for
the Poincaré map of the flow given by the model is the plane. As is typical of such
investigations, once the appropriate quadrangle Q0 is found (that can be, and was,
tedious), verifying horseshoe type behavior of the Poincaré map is usually straight-
forward. The map is an area preserving diffeomorphism on the plane (a property
it inherits from the model), but verifying that the map is hyperbolic in Q0 is quite
difficult.

Example 5. Maps from the unit interval to itself. In these examples the
entire space is the set Q. Let X = [0, 1] = Q, end0 = {0}, and end1 = {1}. See
Figure 4 for the graphs of these maps. Each map possesses exactly one connection,
[0, 1]. The first map, f , does not satisfy Ω because [0, 1] does not contain two
disjoint preconnections, although it does contain two preconnections. The second
map, g, satisfies Ω on Q = [0, 1] with crossing number M = 2. Note that g−1(0)
is the union of a subinterval I1 containing 0 and subinterval I3 containing 1, while
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connection 2

preconnections

connection 1

Figure 2. Connections and their preconnections for the
Smale horseshoe. Any continuum that extends from end0 to
end1 in Q is a connection. Two possible connections are pictured
above. Both are arcs. Connection 1 has the minimum number
of preconnections possible, namely 2, while connection 2 has 4,
due to the wiggly path it takes in travelling from end0 to end1.
The preconnections in this case are arcs in the grey-shaded regions
which connect the two sides of a grey band.

g−1(1) is a subinterval I2 in (0, 1). This map possesses two disjoint preconnections,
the obvious choice for those being (1) the smallest subinterval of [0, 1] that contains
a point of I1 and a point of I2, and (2) the smallest subinterval of [0, 1] that contains
a point of I2 and a point of I3. In this example, both end0 and end1 are contained
in the interior of g−1(end0). The third map, h, also satisfies Ω with M = 2.
There are points p < q in (0, 1) such that h−1(0) consists of two points, 0 and
q, while h−1(1) consists of two points, p and 1. This map possesses two disjoint
preconnections, the only choice for those being (1) the smallest subinterval of [0, 1]
that contains 0 and p, and (2) the smallest subinterval of [0, 1] that contains q and
1. The shift dynamics for Example 3(c) are implied by our results, but since there
is no isolating neighborhood here (every open set containing the invariant Cantor
set also contains periodic orbits not in the Cantor set), the shift dynamics do not
follow from Szymczak’s results [S].

Example 6. Fewer conditions to satisfy. One reason locating the quadrangle
Q0 in Example 2 was so tedious was that it was necessary to find one that satisfied
the following properties:

1. The quadrangle Q0 must have sides labelled s1, s2, s3, s4 and vertices labelled
v1, v2, v3, v4 such that si ∩ si+1 = {vi} for i = 1, 2, 3 and s4 ∩ s1 = {v4}.

2. Two opposite sides, say s1 and s3, map outside Q0 under F , i.e., (F (s1) ∩
F (s3)) ∩Q0 = ∅.

3. The image of the remaining two sides must not intersect those sides, i.e.,
(F (s2) ∩ F (s4)) ∩ (s2 ∪ s4) = ∅.

4. The set Q ∩ F (Q) must contain at least two connected components, each of
which intersects both s1 and s3.
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++

++

Q0

Figure 3. Horseshoe from a fluid-flow model. The figure
shows a topological horseshoe obtained from the Poincaré map
of a 2-dimensional area preserving fluid flow model. The crosses
are the images of the vertices of the quadrilateral Q0 under the
action of the Poincaré map F . The map F is an area preserving
diffeomorphism on R2.

Figure 5 illustrates a map f on R2 and a rectangle Q in R2 such that f satisfies
Ω on Q with crossing number M = 2, but properties 2 and 3 above are not satisfied
(and it is not necessary to choose Q so very carefully). The map f might well be a
homeomorphism or even a diffeomorphism, but it most probably is not hyperbolic
in Q. Even so, if f is a continuous map, applying our theorem tells us that there
is a “Cantor-like” invariant set QI in Q that factors over a two-sided two shift.
However, without hyperbolicity, preimages of points in the two shift Cantor set
need not be points—they need only be closed sets.

Example 7. It does not look like a horseshoe. The map f indicated on
the circular region Q in Figure 6 satisfies Ω on Q with M = 2. Note that the
image of any continuum in Q that intersects both end(0) and end(1), in other
words, any connection, must have an image that intersects both f(end(0)) and
f(end(1)), and this means that the connection itself must contain at least two
disjoint preconnections.

Example 8. A more complicated example with M = 14. We can think of
f : R2 → R2 as a composition of maps on Q (f is not specified outside Q—it does
not matter as long as it is continuous).

1. First apply the map f1 : Q→ S2 (where S2 is the unit sphere in R3), with f1

mapping the region between the boundary ∂Q and end(1) (the outer annular
region) to the point (0, 0, 1), f1 mapping the region inside end(0) (the inner
annular region) to the point (0, 0,−1), and f1 being one-to-one on the rest of
Q. We can do this so that the set f1(end(0)) is the set of all points (x, y, z) in
S2 with z ≥ 0.999, and f1(end(1)) is the set of all points (x, y, z) in S2 with
z ≤ −0.999.
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Figure 4. Interval maps. The graphs of three maps from [0, 1]
to itself are pictured above. In these examples, Q = [0, 1] = X ,
and Q is the only connection.

2. Let B = {(x, y) : x2 +y2 ≤ 1}, and let v denote a vector in 3-space with direc-
tion chosen so that no line in the same direction as v intersects f1(end(0)) ∪
f1(end(1)) more than once. Then apply the map f2 : S2 → B by identifying
points in S2 that are on the same line L in the same direction as v. With an
appropriate choice of v, this can be done so that f2(f1(end(0))∪f1(end(1))) ⊂
B◦ = {(x, y) : x2 + y2 < 1}. Note that no point p in B has more than two
points in its preimage f−1

2 (p).
3. Next apply a homeomorphism f3 to contract B in, say, the y-direction,

and stretch it in the x-direction, and contract the sets f2(f1(end(0)), and
f2(f1(end(1))) so that they have small diameter, obtaining a long thin tape.

4. Finally, apply the map f4, which places the long thin band f3 ◦ f2 ◦ f1(Q)
back in the plane, by looping it 8 times on Q while crossing over end(0) and
end(1), as shown.

Let f = f4 ◦ f3 ◦ f2 ◦ f1. Since any connection has an image that stretches from
f(end(0)) to f(end(1)), it must contain at least 14 mutually disjoint preconnections.
Note that one of the loops does not completely cross the inner annular region end(0),
and that affects the crossing number M = 14. See Figure 7.

Example 9. Expanding balls. Suppose that X = Bn = {x ∈ Rn : d(x,0) ≤ 1}
(where 0 denotes the origin and n ≥ 2). Let balls = {I, II, III, IV, V } denote a
mutually disjoint collection of smaller closed balls in (X)◦ = {x ∈ Rn : d(x,0) < 1},
as pictured in Figure 8. The map f takes each of the smaller balls homeomorphically
onto X , and takes the boundary ∂X = {x ∈ Rn : d(x,0) = 1} into itself. For
simplicity, we also assume that if 〈bij 〉∞j=0 is a sequence whose members are the
small balls in {I, II, III, IV, V }, then

⋂∞
j=0 f

−j(bij ) is a single point. Now although
there is an invariant Cantor set in X on which the dynamics are conjugate to those
of the two-sided 5-shift, f does not satisfy Ω(X) for any choice of end(0) or end(1).
With an appropriate choice of Q, end(0) and end(1), however, f satisfies Ω. We
carefully choose an arcQ which contains the invariant Cantor set: Start by choosing
6 disjoint arcs PJ , I ≤ J ≤ V I, in X\(

⋃
balls) as follows. Choose PI to be an arc

which has a one point intersection with ∂X and a one point intersection with I; for
I < J < V I, choose PJ to be an arc which has a one point intersection with J − I
and a one point intersection with J ; and choose PV I to be an arc which has a one
point intersection with V and a one point intersection with ∂X . Let P =

⋃IV
j=I Pi
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end(0)

Q

f(end(0))

end(1) f(Q)

f(end(1))

Figure 5. No side or end conditions. If Q is the rectangular
region, the map f illustrated above satisfies Ω(Q) with crossing
number M = 2. The sets end(0) and end(1) are strips along the
left and right boundaries, respectively. Note that the connected
component of Q ∩ f(Q) does not “count’ since no subinterval of
the top boundary of Q ∩ f−1(Q) that is contained in maps to the
top boundary of the top connected component.

and let P ′ =
⋃V
j=I Pi. Next define Q0 =

⋃V I
j=I Pi. Then let Q1,b = f−1(Q0) ∩ b for

b ∈ balls. This can be done so that Q1 =
⋃
b∈ballsQ1,b does not Q1,b = f−1(Q0)∩ b

for b ∈ balls. This can be done so that Q1 =
⋃
b∈ballsQ1,b does not intersect Q0. To

make sure that the end result is connected, for b ∈ balls choose 2 disjoint arcs Ab,1
and Ab,2 in ∂b such that Ab,1 ∩Pb consists of one point, Ab,2 ∩Pb+I consists of one
point, Ab,1 ∩ (f−1(PI)∩ b) consists of one point, and Ab,2 ∩ (f−1(PV I)∩ b) consists
of one point. If A =

⋃
{Ab,i : b ∈ balls, i = 1, 2}, L0 = A ∪ Q0 ∪ Q1 consists of 6

disjoint arcs. For n > 1, let Ln = f−n(L0) and let Q̃ =
⋃
n≥0 Ln. By construction,

Q̃ is an arc. Finally we shorten Q̃ to make the set Q be an irreducible between
some point in the “interior” of Q: define Q to be Q̃\PV I . Suppose end0 = ∂X ∩Q,
and end1 = ∂V ∩f−1(PV I). Thus, end0 is a single point on the boundary ∂X , end1

is a single point on the boundary ∂V , and f satisfies the horseshoe hypotheses Ω
on Q relative to ends end0 and end1 with crossing number 5.

Example 10. The invariant set may contain no periodic points. Suppose
that f : R2 → R2 is the canonical Smale horseshoe map with crossing number 2
(as in the first example), and r : S1 → S1 is a rotation by an irrational number. If
Q denotes the rectangular region in Example 1, with end end(0) and end(1) chosen
to be the vertical sides of Q, then the map f × r : R2 × S1 → R2 × S1 satisfies
Ω(Q × S1) relative to ends end(0) × S1 and end(1) × S1 with crossing number 2.
However, there are no periodic points in Q× S1 under the action of f × r.



TOPOLOGICAL HORSESHOES 2521

f(end(1))

f(end(0)) end(1)

end(0)

Figure 6. Stretched, squeezed and folded disk. In this ex-
ample, the ends are in the interior of Q. The map f is not a
homeomorphism, because the image “crosses itself,” i.e., there are
points x in f(Q)∩Q such that f−1(x) contains at least two points.

4. The results

Recall that in the results that follow, we consider the topology on Q only. The
sets in which we are interested are all contained in Q; this restriction to Q avoids
our having to add repeatedly “∩Q” to the sets discussed.

Since Q is locally connected we may choose the distance function d on Q so that
for x ∈ Q, Dε(x) = {y ∈ Q : d(x, y) < ε} is connected as long as Dε(x) is contained
in the component of Q that contains x. (See [Ku] for a proof.)

Lemma 11. Suppose that f : X → X is continuous, f satisfies the horseshoe hy-
potheses Ω on the set Q with crossing number M relative to ends end0 and end1.
Then there is ε > 0 with the following properties:

1. If Com is a component of Q, either E0 = f−1(end0)\Dε(ends) separates Com
between end0 and end1; or E1 = f−1(end1)\Dε(ends) separates Com between
end0 and end1.

2. The set E = f−1(ends)\Dε(ends) separates Q between end0 and end1.
3. If D = {D0, D1, . . . , Dn} is a tiling chain such that

(a) each link Di of D is the closure of a nonempty open set;
(b)

⋃
D ⊂ Q is a continuum;

(c) D0 ∩ end0 6= ∅;
(d) Dn ∩ end1 6= ∅;
(e) for 0 < i < n, Di ∩Dε(ends) = ∅;
(f) for 0 ≤ i ≤ n, (D◦i \Dε(ends)) ∩ f−1(ends) = ∅; and
(g) either

i. for 0 ≤ i < n, the right boundary of the link Di is contained in
f−1(end0), or the right boundary of the link Di is contained in
f−1(end1), and
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ii. for 0 < i ≤ n, the left boundary of the link Di is contained in
f−1(end0), or the left boundary of the link Di is contained in
f−1(end1),

then D has at least 2M − 1 links, and there is a mutually disjoint subcollection D′

of D of which each member contains a preconnection and which contains at least
M members.

Proof. Note that no component of f−1(end0) contains both a point of end0 and
a point of end1. There is some ε > 0 such that D2ε(end0) ∩ D2ε(end1) = ∅,
D2ε(f−1(end0))∩D2ε(f−1(end1)) = ∅, and such that if x ∈ Q, then Dε(x) contains
no preconnection. Suppose that Com is a component of Q.

To prove the first property, that either E0 = f−1(end0)\Dε(ends) separates
Com between end0 and end1, or E1 = f−1(end1)\Dε(ends) separates Com be-
tween end0 and end1, suppose that E0 = f−1(end0)\Dε(ends) does not separate
Com between end0 and end1, and consider E1 = f−1(end1)\Dε(ends). If E1 =
f−1(end1)\Dε(ends) does not separate Com between end0 and end1

either, then there is an arc A irreducible from end0 to end1 in Com such that
A ∩ Dε(end0) ⊂ Dε(x0) for some x0 ∈ end0, A ∩ Dε(end1) ⊂ Dε(x1) for some
x1 ∈ end1, A\(Dε(end0) ∪Dε(end1)) = A′ is an arc, and A′ ⊂ Com\E1. But then
A∩D+ε(end0) contains no preconnection, A∩Dε(end1) contains no preconnection,
and A\(Dε(end0) ∪Dε(end1)) contains no preconnection.

Since A is a connection, it must contain at least M mutually disjoint pre-
connections. The only way this can happen is for A ∩ Dε(end0) to intersect
f−1(end1), A ∩ Dε(end1) to intersect f−1(end1), and A′ to intersect f−1(end0).
Further, this means that A ∩ Dε(end0) does not intersect f−1(end0) (because
D2ε(f−1(end0))∩D2ε(f−1(end1)) = ∅), A∩Dε(end1) does not intersect f−1(end0),
and M = 2. Since E0 does not separate Com between end0 and end1, there is an
arc Â with endpoints the endpoints of A′, which is contained in Com\E0. Then
(A∩ (Dε(end0)∪Dε(end1)))∩ Â is an arc and a connection, but it fails to intersect
f−1(end0), so that it contains no preconnection. This is a contradiction. Thus,
either E0 separates Com between end0 and end1, or E1 does, and the first property
is proved. The second property follows immediately from the first.

To prove the third property, suppose that D = {D0, D1, . . . , Dn} is a tiling chain
satisfying the conditions listed in the statement. Since

⋃
D is a connection, we can

choose a continuum K =
⋃n
i=0 Ki irreducible from end0 to end1 with the following

properties:
1. The set K0 is a continuum in D0 irreducible from end0 to D1.
2. The set Kn is a continuum in Dn irreducible from Dn−1 to end1.
3. For 0 < i < n, Ki is a continuum in Di irreducible from Di−1 to Di+1.
4. For 0 ≤ i < n, Ki ∩Kk+1 6= ∅.
Then K must contain M mutually disjoint irreducible preconnections {Pα0 , Pα1 ,

Pα2 , . . . , PαM }. Because of the properties of the chain D and of the continuum
K, we can assume that the indexing set {α0, α1, α2, . . . , αM} is a subsequence of
{0, 1, . . . , n}, and that Pα1 ⊂ Dαi . Further, it must be the case that for 0 <
αi < n, Pαi = Kαi ; that if α1 = 0, then PαM ⊂ KαM , PαM ∩Dε(end1) 6= ∅, and
PαM ∩Dn−1 6= ∅. Since Pαi ∩ Pαi+1 = ∅, αi+1 − αi ≥ 2. Thus, D must have a
minimum of 2M − 1 links, and it must contain a subcollection D′ of M mutually
disjoint links each of which contain a preconnection.
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Figure 7. Stretch, squeeze and loop 8 times. The elliptical
region is the set Q, with end(0) and end(1) the two annular regions
in the interior of Q, as indicated. The dark shaded winding region
is the image of Q under f , with the images of the ends the small
disk-like regions indicated.

Lemma 12. Suppose that f : X → X is continuous, and f satisfies the horseshoe
hypotheses Ω on Q relative to ends end0 and end1 and has crossing number M .
Then there is a collection S = {S1, S2, . . . , SM} of M mutually disjoint closed
neighborhoods of Q having the property that f(Si) ∩ Sj 6= ∅ for each pair (i, j) ∈
{1, 2, . . . ,M}2. Thus S is a set of symbol sets for Q.

Proof. Suppose Com is a component of Q. Without loss of generality, suppose that
Q1 ⊂ f−1(end1) separates Com\E1 between end0 and end1 (using the ε, E1, E0

of the last lemma). The boundary of each component of Com\E1 is contained in
f−1(end1), but it may not be the case that⋃

{C : C is a component of Com\E1} = Com ,

because it is possible that E◦1 6= ∅. Then consider the collection SCom consisting of
all members of S1Com ∪ S2Com ∪ S3Com , where S1Com = {C : C is a component of
Com\E1, and f−1(end0) separates C}, S3Com = {C : c is a component of Com\E1,
and f−1(end0)∩C 6= ∅, and f−1(end0) does not separate C}, and S3Com = {C : C
is a component of Com\(

⋃
(S1Com ∪ S2Com))}. Because Com is locally connected,

and ∂C, for C ∈ S1Com , is continued in f−1(end1), each member of S1Com ∪S2Com

must contain an open set of diameter ε. Thus, S1Com ∪ S2Com is finite.
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I

II

IV

III

V

X

Figure 8. Expanding balls. Suppose that X is homeomorphic
to a closed n-ball, and I, II, III, IV , and V are mutually disjoint
closed n-balls contained in the interior of X . The map f : X → X
maps each interior ball homeomorphically onto X , and points in
the complement of the n-balls to the boundary ∂X .

I

II

III

V

X

Q

IV

Figure 9. Choosing Q. The figure shows how Q can be chosen
in order to satisfy the horseshoe hypotheses and pick up the 5-shift
dynamics. Here, as long as each component of the invariant set is
a single point Q can be a carefully chosen arc.

Construct inductively the tiling chain T ′Com = {T ′Com,0, T
′
Com,1, . . . , T

′
Com,N} as

follows: Let T ′Com,0 =
⋃
{C : C ∈ SCom and C ∩ end0 6= ∅}. Let T ′Com,1 =⋃

{C : C ∈ SCom , C ∩ T ′Com,0 6= ∅ and C ∩ (T ′Com,0)
◦ = ∅}. Let

T ′Com,2 =
⋃
{C : C ∈ SCom , C ∩ (T ′Com,0 ∪ T ′Com,1) 6= ∅,

and

C ∩ (T ′Com,0 ∪ T ′Com,1)
◦ = ∅}.
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Let T ′Com,3 =
⋃
{C : C ∈ SCom , C ∩ (T ′Com,0 ∪ T ′Com,1 ∪ T ′Com,2) 6= ∅, and C ∩

(T ′Com,0 ∪ T ′Com,1 ∪ T ′Com,2)
◦ = ∅}. Since S1Com ∪S2Com is finite, and members of

S3Com must intersect some member of S1Com∪S2Com , but do not intersect any other
member of S3Com except in points contained in S1Com ∪ S2Com , the construction
must be a finite process. Continue this finite process until each member of SCom

is in some member of T ′Com , thereby obtaining, for some positive integer N , the
desired chain T ′Com = {T ′Com,0, T

′
Com,1, . . . , T

′
Com,N}. Note that

⋃
T ′Com = Com ,

and that ∂T ′Com,l ⊂ f−1(end1) for each l.
We can define a partial ordering ≺ on the members of SCom by defining C ≺ C′

in SCom if there exists a tiling chain D = {D0, D1, . . . , DN ′} ⊂ SCom such that for
some i < j, C = Di ⊂ T ′Com,i and C′ = Dj ⊂ T ′Com,j. Note that if C ∈ SCom , there
is some member C[ of SCom such that C[ ≺ C and C[ ∩ end0 6= ∅. For 1 ≤ i ≤ N ,
and C ∈ SCom , we define the left boundary ∂lC of C to be C ∩ T ′Com,i−1. For
0 ≤ i ≤ N − 1, and C ∈ SCom , we define the right boundary ∂rC of C to be
C ∩ T ′Com,i+1.

As for E1 and f−1(end1), it is possible that f−1(end0) has nonempty interior in
Q. Next we “split” each member D of S1Com into continua and replace D with
those sets as follows: For each D ∈ S1Com such that D ∩ (end0 ∪ end1) = ∅, let
Dlb = {C : C is a component of D\f−1(end0) and D ∩ ∂Dl 6= ∅}. Because Q
is locally connected, the components D of Dlb that intersect both f−1(end0) and
f−1(end1) form a finite collection. There may be infinitely many components of Dlb
that intersect only f−1(end1), but these must be ‘small’ and ‘do not matter’ (relative
to this construction). Let Drb = {C : C is a component of D\(

⋃
Dlb)}. Again, Drb

may be infinite, but has only finitely many components that ‘matter’, namely those
that intersect both f−1(end0) and f−1(end1). For each D ∈ S1Com such that
D∩end0 6= ∅, let Drb = {C : C is a component of D\f−1(end0) and D∩∂Dr 6= ∅}
and let Dlb = {C : C is a component of D\(

⋃
Drb)}. For each D ∈ S1Com such that

D∩ end1 6= ∅, let Dlb = {C : C is a component of D\f−1(end0) and D∩ ∂Dl 6= ∅}
and let Drb = {C : C is a component of D\(

⋃
Dlb)}.

Note that for each D ∈ S1Com , D = (
⋃
Dlb) ∪ (

⋃
Drb). Let CCom = S2Com ∪

S3Com ∪ {Dlb : D ∈ SCom} ∪ {Dlb : D ∈ SCom}.
We can “extend” the partial ordering ≺ on SCom to a partial ordering / on the

members of CCom in a natural way, and we can also define the left boundary for
members of CCom that do not contain a point of end0, as well as the right boundary
for members of CCom which are followed by other members of CCom (relative to the
partial ordering /). Let DCom = {D = {D0, D1, . . . , Dn′} : D is a tiling chain, each
link Di in D is a member of CCom}, and D′Com = {D = {D0, D1, . . . , DN ′} : D ∈
D′Com , D0 contains a point of end0, DN ′ contains a point of end1, and no link Di,
i < N ′, contains a point of end1}.

Then CCom has the following properties:

1. Each nonempty left boundary of a member of CCom that does not intersect
end0 is contained in either f−1(end0) or it is contained in f−1(end1).

2. Each nonempty right boundary of a member of CCom is contained in either
f−1(end0) or it is contained in f−1(end1).

3. If D ∈ DCom , then no two consecutive links of D have both the (nonempty)
left and (nonempty) right boundaries contained in f−1(end0).
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If D = {D0, D1, . . . , DN ′} is a tiling chain composed of members of CCom and
D0 intersects end0, DN ′ intersects end1, but no link Di, 0 < i < N ′, intersects
ends, then we call D an irreducible end0-end1 CCom tiling chain. If C ∈ CCom such
that

1. C∩(end0∪end1) = ∅, and each continuum in C which intersects the nonempty
left boundary of C and the nonempty right boundary of C contains a precon-
nection,

2. C ∩ end1 6= ∅, and each continuum in C which intersects end0 and the
nonempty right boundary of C contains a preconnection, or

3. C ∩ end1 6= ∅, and each continuum in C which intersects the nonempty left
boundary of C and end1 contains a preconnection,

then we call C a preconnection link in CCom . Note that if C is a preconnection link,
then each continuum in C irreducible from f−1(end0) to f−1(end1) is a subset ofQ∩
f−1(Q). To each irreducible end0-end1 CCom tiling chain D = {D0, D1, . . . , DN ′},
we associate a connection KD constructed as follows:

1. Let L0 = end0 and for 0 < i ≤ N ′, let Li = ∂Di−1 ∩ ∂Di. For 0 ≤ i < N ′, let
Ri = ∂Di+1 ∩ ∂Di, and let RN ′ = end1.

2. The continuum KD is a union of continua contained in the links Di of D, that
is, KD =

⋃N ′
i=0KD,i, where each KD,i is a continuum contained in Di which

intersects both Li and Ri.
3. If for some i,Di is a preconnection link, and so is Dj , where Dj = Di+1 or
Dj = Di−1, and there is a continuum K in Di∪Dj which does not contain two
disjoint preconnections, but which (1) intersects both Li and Rj if j = i+1, or
(2) intersects both Lj and Ri if j = i− 1, then we say that Di is an adjoining
preconnection link, and that Di adjoins Dj. Suppose then that Di and Di+1

are adjoining preconnection links. Then there is an irreducible continuum K̃
in Di ∪ Di+1 which intersects both Li and Ri+1, but does not contain two
disjoint preconnections. There is an irreducible subcontinuum Λi of K̃ in Di

which intersects both Li and Ri+1. Then Λi ∩ Λi+1 6= ∅, for otherwise K̃
does contain two disjoint preconnections. Since K̃ is irreducible between Li
and Ri+1, K̃ = Λi ∪ Λi+1.

4. Suppose that {Di, Di+1, . . . , Di+m} is a subchain of D each link of which
is an adjoining preconnection link. Then for each i ≤ j < j + 1 ≤ i +
m, there is a continuum K ′j in Dj ∪ Dj+1 which intersects both Lj and
Rj+1, but does not contain two disjoint preconnections. Then there is an
irreducible subcontinuum Λj,j of K ′j in Dj which intersects both Lj and Rj ,
and there is an irreducible subcontinuum Λj,j+1 in Dj+1 which intersects
both Lj+1 and Rj+1. Then Λj,j ∩ Λj,j+1 6= ∅, for otherwise K ′j does contain
two disjoint preconnections, and Λj,u ∪ Λj,j+1 is irreducible between Lj and
Rj+1. Since each D◦j is connected and locally connected, we can choose KD,j

to be a continuum irreducible between Lj and Rj+1 such that KD,j ∩ Lj =
Λj,j ∩ Lj , KD,j ∩ Rj = Λj,j ∩ Rj , and KD,j ∪KD,j+1 does not contain two
disjoint preconnections, and we can do this so that

⋃i+m
j=i KD,j is a continuum

irreducible between Li and Rm+i.
5. If for some i,Di is a preconnection link which is not an adjoining preconnec-

tion link, then either no link that intersects Di is a preconnection link, or
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Di+1 is a preconnection link, but no continuum K in Di ∪Di+1 which inter-
sects both Li and Ri+1 fails to contain two disjoint preconnections or Di−1

is a preconnection link, but no continuum K in Di ∪ Di−1 which intersects
both Li−1 and Ri fails to contain two disjoint preconnections. There is an
irreducible continuum KD,i in Di which intersects both Li and Ri. Further,
since each D◦i is connected and locally connected, we can choose each KD,i

so that if Dj is also a preconnection link and Dj is adjacent to Di, then
KD,i ∩KD,j 6= ∅.

6. If Di is not a preconnection link, choose KD,i to be an irreducible continuum
from Li to Ri contained in Di which is not a preconnection. (This can happen
in one of two ways. Either for j = 0 or j = 1 both Li and Ri are contained in
f−1(endj), or Di 6⊆ f−1(Q).) Again, since each D◦i is connected and locally
connected, we can choose each KD,i so that if Dj is adjacent to Di, then
KD,i ∩KD,j 6= ∅.

Thus, KD is a connection in
⋃
D which has the property that no connection K ′

has fewer mutually disjoint preconnections than does KD. Since each preconnec-
tion of KD is contained in a link of D, but no link of D contains more than one
preconnection, it follows from Lemma 11 that the crossing number MD for

⋃
D

must be greater than or equal to M , and thus
⋃
D contains at least M precon-

nection links such that the continua KD,i corresponding to the MD links in this
set are mutually disjoint. More precisely, suppose that D′ = {Dβ1 , Dβ2 , . . . , DβN′′ }
denotes a maximal subcollection of preconnection links of D having the property
that {KD,βi : Dβi ∈ D′} is a collection of MD disjoint continua. If D contains at
least one subchain of at least 4 links consisting entirely of adjoining preconnection
links, there may be more than one such set D′ for D. However, this lack of unique-
ness occurs only when D contains such a subchain (1) containing an even number
greater than 2 links, and (2) this subchain is not properly contained in another
subchain of preconnection links in D. In this case, we choose as members of D′ the
first, third, fifth, etc., members of the subchain of adjoining links rather than the
second, fourth, etc., links.

Because distinct tiling chains can share links, though some of the preconnec-
tion links in the sets D′ may not “count”: If D = {D0, D1, . . . , DN ′} and E =
{E0, E1, . . . , EN ′′} are irreducible end0-end1 CCom tiling chains, Di = Ej , and no
link of {D0, D1, . . . , Di−1} is a link of {Ej+1, . . . , EN ′′}, then {D0, D1, . . . , Dk−1,
Di, Ej+1, . . . , EN ′′} is also an irreducible end0-end1 CCom tiling chain. Thus if D =
{D0, D1, . . . , DN ′} is an irreducible end0-end1 CCom tiling chain, we define Dα(D)1

to be the last link of D which is the first preconnection link of some irreducible
end0-end1 CCom tiling chain E. (Since D has a first preconnection link, D has
only finitely many preconnection links, and there are only finitely many irreducible
end0-end1 CCom tiling chains, Dα(D)1 exists.) We say that Dα(D)1 is the first es-
sential preconnection link of D. Next, we define Dα(D)2 to be the last link of D
after Dα(D)1 which is the first nonadjoining preconnection link following the first
essential preconnection link Eα(E)1 in some irreducible end0-end1 CCom tiling chain
E. Again, Dα(D)2 must exist (because otherwise we violate our basic assumption
that each connection contains at least M mutually disjoint preconnections), and we
call it the second essential preconnection link of D. This finite process continues
until we choose the Mth essential preconnection link of D, Dα(D)M to be the last
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preconnection link of D after the link Dα(D)M−1 which is the first nonadjoining pre-
connection link after the link Eα(D)M−1 in some irreducible end0-end1 CCom tiling
chain E.

Then, for 1 ≤ i ≤ M , SCom,i =
⋃
{Dα(D)i : D is an irreducible end0-end1 CCom

tiling chain}. Finally, define for 1 ≤ i ≤M , Si =
⋃
{SCom,i : Com is a component of

Q}. Checking that this collection has the properties claimed is straightforward.

Outline of the proof of the Chaos Lemma. Suppose that each member i∗ =
(ij)∞j=0 is in {1, . . . ,M}. Let K∞∗ = {i∗ : i∗ is a sequence of which each member is in
{1, . . . ,M}}, and for each n ≥ 0, let Kn+1

∗ = {(i0, i1, i2, . . . , in) :
(i0, i1, i2, . . . , in) is an n + 1-member finite sequence of which each member is in
{1, . . . ,M}}. Define inductively S(i0,i1) = Si0 ∩ f−1(Si1), S(i0,i1,i2) = S(i0,i1) ∩
f−2(Si2 ), . . . , S(i0,i1,i2,...,in) = S(i0,i1,...,in−1) ∩ f−n(Sin), . . . . It can be proved that
Si∗ =

⋂∞
j=0 S(i0,i1,i2,...,in) 6= ∅. Next, let P =

⋃
i∗∈K∞ Si∗ . Then P is a com-

pact subset of Q, and it can be written as P =
⋃
i∗∈K∞∗

(
⋂∞
n=0 S(i0,i1,i2,...,in)) =⋂∞

n=0(
⋃

(i0,i1,i2,...,in)∈Kn+1
∗

S(i0,i1,i2,...,in)). Now f(P ) ⊂ P . To get an invariant set,
define Y =

⋂∞
m=0 f

m(P ) (i.e., Y is a closed subset of P such that f(Y ) = Y ).
Since for each i∗, Yi∗ = Si∗ ∩ Y 6= ∅ and Y =

⋃
i∗∈K∞∗

Yi∗ , there is a natural one-
to-one correspondence between Y and K∞∗ defined by α(Yi∗ ) = i∗. Let g = f |Y .
Then g : Y → Y is continuous, α : Y → K∞∗ , and it is not difficult to show that
σ ◦ α = α ◦ g, where σ denotes the one-sided shift on M symbols.

The main theorem follows immediately from Lemma 12 and the Chaos Lemma.

5. Relaxing the hypotheses

We do not need the strength of all the horseshoe hypotheses Ω, and we give
lemmas below that enable the application of our results in some cases in which
the ambient space X is not locally compact. (This might occur, for example,
when partial differential equations are studied.) Also, the last lemma shows that
an extremely careful choice of Q is not necessary, as long as it is precompact; in
particular, it need not be the case that all components of Q are connections. Any
components that are not connections play no role in the choice of the symbol sets
S, but they do not cause problems either.

Suppose that Y is a space, Q is a closed, locally connected subset of X , and
f : X → X is continuous. If end0 and end1 are disjoint closed subsets of Q, then
we say that a closed, connected subset K of Q which intersects both end0 and
end1 is a end0-end1 connection, or just a connection, if no confusion results. If
K ′ is a closed connected subset of Q ∩ f−1(Q) that intersects both f−1(end0) and
f−1(end1), then K ′ is an end0-end1 preconnection, or just a preconnection. We
sometimes write end(0) and end(1) for end0 and end1. If Q contains no end0-end1

connection or if each end0-end1 connection contains no preconnection, then the
crossing number of f on Q is 0. If there is an end0-end1 connection in Q and each
end0-end1 connection contains at least one preconnection, then the crossing number
of f on Q is the largest positive integer such that each connection K in Q contains
at least M mutually disjoint end0-end1 preconnections.

In this section we make the following five assumption:

Ω′X : X is a separable metric space.
Ω′Q : Q ⊂ X is locally connected and closed.
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Ω′f : The map f : Q → X is continuous, and f(Q) is a compact (i.e., Q is
precompact).
Ω′E : The sets end0 ⊂ Q and end1 ⊂ Q are disjoint and compact, and at least
one component of Q intersects both end0 and end1.
Ω′M : Q has a crossing number (defined below) M ≥ 2.

We refer to the above five hypotheses Ω′X ,Ω
′
Q,Ω

′
f ,Ω

′
E , and Ω′M collectively as

the weak horseshoe hypotheses Ω′. A connection Γ is a closed connected subset
of Q that intersects both end0 and end1. Note that by hypothesis Ω′E , at least
one component of Q is a connection. An example of a connection is a path in Q
intersecting both end0 and end1. A preconnection γ is a closed connected subset
of Q for which f(γ) is a connection. We define the crossing number M to be the
largest number such that every connection contains at least M mutually disjoint
preconnections.

The last lemmas below argue that Q contains a compact subset Q′, all of whose
connected components are connections, and furthermore that Q′ has a crossing
number at least as big as the crossing number M of Q. When we later construct a
compact invariant set inQ′ that factors over anM -shift, the same will automatically
be true of Q. Hence these two lemmas argue that without loss of generality, we
can assume that Q is compact and all its connected components are connections,
since the weak horseshoe hypotheses Ω′ on Q with crossing number M imply the
horseshoe hypotheses Ω on Q′ with crossing number M ′ ≥M .

Lemma 13. Suppose that f : X → X is continuous, and f satisfies the weak horse-
shoe hypotheses Ω′ on Q with crossing number M relative to ends end0 and end1.
If Q′ = Q ∩ f(Q), then f satisfies Ω on the compact set Q′ with crossing number
M ′ ≥M relative to ends end′0 = end0 ∩ f(Q) and end′1 = end1 ∩ f(Q).

Proof. Since f(Q) is compact, and f satisfies Ω′ on the closed set Q, there is some
connection K in Q. If K is a connection in Q, the collection Kp = {Kα : Kα

is a closed, connected subset of K ∩ f−1(Q) that intersects both f−1(end0) and
f−1(end1)} = {Kα : Kα is a preconnection in K} has at least M mutually disjoint
members. Let Q′ = Q ∩ f(Q). Then Q′ is compact, and Q′ contains a connection
that is also a continuum. (For example, if Kα is a preconnection in the connection
K in Q, then f(Kα) is a compact connection in Q∩ f(Q).). Furthermore, for each
connection K ′ in Q′, K′p = {K ′α : K ′α is a preconnection in K ′} has at least M
mutually disjoint members. Thus, Q′ is a compact subset of Q on which f satisfies
Ω relative to ends end′0 = end0 ∩Q′ and end′1 = end1 ∩Q′.
Lemma 14. Suppose that f : X → X is continuous, and f satisfies the horseshoe
hypotheses Ω on the compact set Q with crossing number M relative to ends end0

and end1. Then Q′ =
⋃
{K : K is a connection in Q and K is a connected compo-

nent of Q} is a compact subset of Q and f satisfies Ω on Q′ with crossing number
M ′ ≥M relative to ends end′0 = end0 ∩Q′ and end′1 = end1 ∩Q′.
Proof. This is straightforward, and the proof is therefore omitted.

With Lemmas 13 and 14 we have reduced our problem to one of working with
a compact set Q of which each component is a connection. Thus, f satisfies the
horseshoe hypotheses Ω on a closed subset Q′ of Q with crossing number M ′ ≥M
as long as Q is precompact and contains at least one connection. Thus, we get the
following slightly more general result:
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Theorem 15. More general version of the main result. Assume the weak
horseshoe hypotheses Ω′ on the set Q. Then there is a closed invariant set QI ⊂ Q
for which f |QI is semiconjugate to a one-sided M -shift. (If f is a homeomorphism,
then f |QI is also semiconjugate to a two-sided M -shift).
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